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Collective modes propagating in a moving superfluid are known to satisfy wave equations in
a curved space time, with a metric determined by the underlying superflow. We use the Keldysh
technique in a curved space-time to develop a quantum geometric theory of fluctuations in superfluid
hydrodynamics. This theory relies on a “quantized” generalization of the two-fluid description
of Landau and Khalatnikov, where the superfluid component is viewed as a quasi-classical field
coupled to a normal component – the collective modes/phonons representing a quantum bath. This
relates the problem in the hydrodynamic limit to the “quantum friction” problem of Caldeira-
Leggett type. By integrating out the phonons, we derive stochastic Langevin equations describing
a coupling between the superfluid component and phonons. These equations have the form of
Euler equations with additional source terms expressed through a fluctuating stress-energy tensor
of phonons. Conceptually, this result is similar to stochastic Einstein equations that arise in the
theory of stochastic gravity. We formulate the fluctuation-dissipation theorem in this geometric
language and discuss possible physical consequences of this theory.
I. INTRODUCTION
The idea that a curved space-time is an emergent struc-
ture has a long history1,2 and has been discussed in var-
ious physical contexts3 from classical fluid mechanics4,5
and crystals with defects6 to quantum entanglement.7
While in the context of fundamental gravity, the emer-
gent scenario remains speculative at this stage, there has
been a number of concrete realizations of various aspects
of general relativity in “analogue gravity” models, where
a non-trivial curved space-time metric arises naturally
in the description of collective modes relative to a back-
ground solution of the field equations.3,8 A prominent
example of such analogue theory is a strongly-correlated
superfluid,9 where the phonon modes propagating rela-
tive to a (generally inhomogeneous and non-stationary)
superflow satisfy a wave-equation in an effective curved
space-time
∂µ
(√−ggµν∂νφ) = 0, (1)
where φ(~r, t) is the phonon field – a small deviation from
a “mean-field” configuration, g = detgµν is the determi-
nant and gµν is the matrix inverse of the metric
gµν =
ρ
c
(
c2 − v2 ~vT
~v −I3×3
)
(2)
which is determined by the underlying superflow (~v and c
are the superfluid velocity and the speed of sound, ρ is the
density of the fluid including the excitations). Many ex-
citing general-relativistic effects immediately follow from
this observation, including the formation of sonic hori-
zons and black hole-type physics,8 analogue Hawking
radiation,10 proposed by Unruh4 and recently reported
by Steinhauer to have been observed in cold-atom Bose-
Einstein condensates,11 and a unifying principle for cos-
mology and high energy physics discussed extensively by
Volovik.9,12
This geometric theory of excitations in a superfluid,
that this paper focuses on and develops further, is an al-
ternative formulation of the phenomenological Landau-
Khalatnikov two-fluid theory of superfluidity,13,14 which
has been originally developed as a macroscopic descrip-
tion of superfluid Helium. As the name suggests, this
theory separates the fluid flow into two components – one
being the zero entropy, zero viscosity superflow and the
other being the entropy-carrying, dissipative normal flow.
The two-fluid theory relies on the conservation laws for
mass, energy, and momentum in a Galilean-invariant con-
tinuum made up of these two components. In addition to
being an accurate macroscopic description of superfluid
helium, the two-fluid theory can be viewed as the first
historical example of a long wavelength hydrodynamic
limit of a strongly interacting quantum field theory. The
low energy effective field theory paradigm offers a num-
ber of powerful techniques to analyze strongly interacting
field theories and the hydrodynamic limit of high energy
theories (e.g., the AdS/CFT and string theory).15–18
The main idea of this work relies on a conceptual anal-
ogy between the quantum generalization of the Landau-
Khalatnikov two-fluid description and the Caldeira-
Leggett-type theories of “quantum friction”, where a
closed system is separated into two components – a quan-
tum “particle” and a bath to which it is coupled.19,20
Integrating out the bath leads to classical equations of
motion for the particle, which necessarily feature a fric-
tion force and a stochastic Langevin force, connected to
each other via a fluctuation-dissipation theorem. For a
strongly-correlated BEC, this analogy associates the su-
perfluid order parameter field with the Caldeira-Leggett
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2“particle” and the Bogoliubov excitations with the bath.
The question we ask here is what is the corresponding
Langevin equations of motion that arise? We develop
and use a combination of the aforementioned geometric
theory of excitations and Keldysh field-theoretical meth-
ods in a curved space time to answer this question. The
main result is the following stochastic equations of mo-
tion
∂tρ+∇ · (ρ~v) = 1
2
∇ ·
[√−g (〈Tˆµν〉+ ξµν) δgµν
δ~v
]
,
(3a)
∂tθ +
1
2
v2 + µ(ρ) =
√−g
2
(〈
Tˆµν
〉
+ ξµν
) δgµν
δρ
, (3b)
where ρ is the density of the fluid, θ is the superfluid
flow potential, ~v = ∇θ is the irrotational flow fluid of
the superfluid component, µ(ρ) is the chemical potential
of the fluid, gµν is the matrix inverse of the metric ten-
sor (37),
√−g = |det(gµν)|1/2 is the space-time volume
measure, Tˆµν(x) is the stress-energy tensor operator of
the phonons (here x is a short-hand for the (3+1)-space-
time variable and the Einstein summation convention is
in use) and ξµν(x) is a stochastic tensor field, describing
its fluctuations around the average 〈Tˆµν(x)〉. That is,
the statistics of the Gaussian noise with zero average is
determined by the correlator
〈ξµν(x)ξµ′ν′(x′)〉 = 1
2
〈{
tˆµν(x), tˆµ′ν′(x
′)
}〉
,
where tˆµν(x) = Tˆµν(x) − 〈Tˆµν(x)〉 and {·, ·} is the anti-
commutator. The averages here are calculated relative to
a deterministic background. What these equations actu-
ally describe are fluctuations in the superfluid, e.g. they
yield statistics of density and velocity fluctuations, which
in turn determine a stochastic metric. In this sense, there
is a strong similarity to the stochastic Einstein equations
discussed n the context of stochastic gravity.21,22
While these stochastic Einstein equations are interest-
ing in and by themselves, their derivation presents a tech-
nical challenge (a non-trivial generalization of the non-
equilibrium Keldysh techniques for a curved space-time
is required)23 and gives rise to a number of additional in-
teresting results along the way, as discussed below. Our
paper is structured as follows:
In Sec. II, we discuss the applicability of the metric de-
scription of a superfluid by analyzing the relevant length
and energy scales. In analogy with cosmology, the ge-
ometric description breaks down at an effective “Planck
energy,” where both the linear dispersion of phonons and
the hydrodynamic description break down.
In Sec. III, we use the background field formalism to
write down the Keldysh quantum field theory of quasi-
particles. We emphasize that the Keldysh description
is necessary for taking the dynamical fluctuations of the
phonon field into account.
In Sec. IV, we derive the analogue Einstein equation
that governs the background and the excitations – “mat-
ter field.” We establish equivalence of the analogue Ein-
stein equation and the covariant conservation law for the
phonons to the two-fluid conservation laws of Landau
and Khalatnikov. We prove the equivalence of the two
descriptions by reducing the covariant conservation law
down to the Noether current of the two-fluid system by
using the equations of motion. In Appendix A, we pro-
vide the technical details of this derivation.
In Sec. V, we take the analogy between the superfluid
system and general relativity further to the domain of
stochastic fluctuations. We write the response and dis-
sipation kernels in the covariant language, and give the
details of this in Appendix B. In global thermal equi-
librium, we discuss the notion of temperature on curved
space-time. We prove the fluctuation dissipation relation
for a metric with globally time-like Killing vectors, that
is for a flow that can brought to a stationary form after
a Galilean transformation.
Finally in Sec. VI, we linearize the stochastic analogue
Einstein equation and obtain a Langevin-type equation
for the stochastic corrections to the background. We
show that the symmetries of the flow determine structure
of the Langevin equation, by considering the Minkowski
case.
Throughout the paper, we will use the Einstein sum-
mation convention for the indices, unless otherwise
stated. The space-time indices are in small case Greek
letters while the space indices are in small case Latin
letters. We use the sign convention (+ − −−). In addi-
tion, the fluid dynamics equations are written in terms
of Cartesian tensors, where the distinction between co-
variant and contravariant tensors is not important.
II. THE MODEL AND ENERGY SCALES
In this section, we review the energy scales involved in
the analysis of an interacting system of bosons and its ex-
citations. The analogue“general relativistic” description
is an approximation to the exact theory and its appli-
cability is controlled by our ability, or lack thereof, to
neglect a quantum pressure term discussed below. The
main conclusion of this section is that the stronger the
repulsive interactions between bosons composing the su-
perfluid, the less important the quantum pressure term
and correspondingly the wider the domain of applicabil-
ity of the general-relativistic approximation (in the sense
of a range of energies and length-scales where the de-
scription applies). We discuss these “Planck” energy and
length-scales below.
Our starting point is just the standard Lagrangian of
interacting bosons
L [Φ,Φ∗] = Φ∗i~∂tΦ− ~
2
2m
|∇Φ|2 − ε (|Φ|2) , (4)
where Φ(~r, t) ≡ Φ(x) is the boson field, m is the mass of
a boson, and the energy ε(|Φ|2) describes an external po-
tential and density-density repulsion between the bosons.
3Though, at this stage we do not specify the external
potential and interaction potential between bosons, for
ε = g2 |Φ|4 + V |Φ|2, the saddle point of this Lagrangian,
satisfies the Gross-Pitaevskii or non-linear Schro¨dinger
equation:
i~∂tΦ = − ~
2
2m
∇2Φ + V (~r, t)Φ + g|Φ|2Φ. (5)
The first step in deriving the hydrodynamic theory is the
Madelung transformation of the boson field,24 which is a
change of variables to polar coordinates in each point of
space-time:
Φ(x) =
√
ρ(x)
m
eimθ(x)/~. (6)
The new variables are the density, ρ, and the phase θ,
which in effect is a “flow potential” for the superfluid,
that gives rise to the irrotational flow velocity field
~v = ∇θ.
In terms of these variables, the Lagrangian (4) takes the
form
−L = ρ∂tθ + 1
2
ρ~v2 + ε(ρ) +
1
8
(
~
m
∇ρ√
ρ
)2
︸ ︷︷ ︸
“quantum pressure”
. (7)
Classically, the long-wavelength description of this sys-
tem in local thermodynamic equilibrium is fluid dynam-
ics. This description can be extended to the quantum
regime, where a macroscopic order exists as in the case
of a condensate. This macroscopic order is a non-trivial
vacuum that solves the mean field fluid equation Eq. (8),
which is just the Gross-Pitaevskii equation Eq. (5) in the
Madelung parametrization:
∂tρ+∇ · (ρ~v) = 0, (8a)
∂tθ +
1
2
~v2 +
∂ε
∂ρ
=
1
2
~2
m2
1√
ρ
∇2√ρ. (8b)
These are the Euler equations for an ideal, zero entropy
fluid, with an additional energy per unit mass appears
in the right-hand side of Eq. (8b) due to the quantum
potential term ∼ (∇√ρ)2 in Eq. (7). Together with the
continuity equation Eq. (8a), the gradient of (8b), when
multiplied by the density ρ, produces a momentum bal-
ance equation. In this equation, the quantum potential
leads to a pressure gradient, hence this potential is called
“quantum pressure” in Eq. (7).
The excitations over this non-trivial vacuum state are
the Bogoluibov quasiparticles. These quasiparticles can
be thought of a quantum field propagating on top of the
ground state manifold. When treated semiclassically, the
quasiparticles constitute sources to the hydrodynamic
equations (8), in the spirit of the two-fluid hydrodynam-
ics. Moreover, the entropy-carrying quasiparticle quan-
tum field acts as a bath on the background system. In
addition to momentum and energy flux and stresses, the
quantum bath creates a noise to the evolution of the back-
ground, leading to a stochastic Langevin component.
We now show, by analyzing the appropriate scales, that
when the repulsive interactions between the bosons are
strong, the quantum pressure term is suppressed. Such a
fluid is the basis of the gravitational analogy, as it simu-
lates the space-time on which the matter field – that is,
the phonon field – propagates.9,12
If we momentarily ignore the quantum pressure pro-
portional to ∇√ρ, we get the Lagrangian density of a
vortex free perfect fluid with flow velocity ~v = ∇θ. The
excitations of this system are obtained by linearizing
the equations of motion and are the sound waves with
speed c2 = ρd2ε/dρ2 at equilibrium density. When quan-
tized, the excitations have the linear spectrum Ep = ~ck.
Therefore, the dimensional parameters characterizing the
vortex free quantum hydrodynamics are the Planck con-
stant, ~, the equilibrium density ρe, and the equilibrium
speed of sound, ce. The relevant energy scale of this the-
ory is EQ = (~3c5eρe)1/4. Since the energy density is ∼
ρec
2
e, the characteristic length scale is dQ = (ρece/~)−1/4.
Therefore, the mass scale is ρed
3
Q = MQ = (ρe~3/c3e)1/4
and the time-scale is tQ = dQ/ce = (ρec
5
e/~)−1/4.
With the addition of the quantum pressure term, the
spectrum of Bogoliubov phonons receives a correction
as Ep = ~cek
√
1 + ~2k2/(4m2c2e). Therefore the linear
spectrum of phonons breaks down at a length scale of
ξ = ~/(mce), this is the coherence length of the con-
densate. At this scale, the phonon energy is of order
ELorentz = mc
2, which can be dubbed the Lorentz vio-
lation energy (i.e., where the phonon spectrum deviates
from the linear dispersion). Note that, Lorentz viola-
tions do not necessarily occur at exactly the inter atomic
length scale d and thus ELorentz is generally distinct from
the “Planck” energy scale EPlanck = ~ce/d – that is the
energy required to resolve the individual atoms separated
by a distance d (at such length-scales the hydrodynamic
description becomes meaningless). Indeed, the ratio of
the coherence length to the inter atomic distance is deter-
mined by the strength of the atomic interactions. Defin-
ing g0 = ~2d/m3, and setting gρ2e = ε(ρe) = ρec2e, we get
(ξ/d)2 = g0/g. In summary the relationships between
different scales can be written in terms of the normalized
strength of interactions g0/g as:
EPlanck
ELorentz
=
ξ
d
=
√
g0
g
=
(
MQ
m
)4/3
. (9)
This ratio determines the relative importance of the
quantum pressure term compared to the interaction en-
ergy. The corresponding ratio is (below, L is a length-
scale on which the density changes):( ~
m∇
√
ρ
)2
ε(ρ)
∼ ~
2
gm2ρL2
∼ ξ
2
L2
. ξ
2
d2
=
g0
g
.
4In the weak interaction limit, as in a dilute Bose gas,
the coherence length ξ and the quantum mass scale MQ
are large compared to microscopic counterparts d and m.
This signals that the system behaves like a macroscopic
quantum object, hence the condensate fraction is closed
to unity. In this regime, Lorentz violation occurs much
before the interatomic scales are reached and the exci-
tations are Bogoluibov quasiparticles with the non-linear
spectrum. In the strong interaction regime, as in Helium-
II or a strongly-interacting BEC, the condensate fraction
is small, and the Lagrangian (7) without the quantum
pressure term describes the superfluid, as it produces
correct equations for a zero entropy dissipationless super-
fluid. In this regime, the quantum pressure is negligible
down to the ξ ∼ d scale. This means that the collec-
tive excitations are sound waves all the way up to the
effective Planck energy. Therefore, geometric theory of
analogue gravity for the covariant sound waves, that we
will summarize in the next section, applies as long as we
stay in the hydrodynamic regime, that is to say at length
scales larger than the inter atomic distance.
III. BACKGROUND FIELD FORMALISM ON
THE KELDYSH CONTOUR FOR BOGOLIUBOV
QUASIPARTICLES
Here, we outline a procedure to extract a field theory
of the excitations starting from Eq. (7). We show that
an effective curvature and covariance emerge when the
amplitude modes of the excitations are integrated out.
Finally, we obtain an effective action for the superfluid
system and the phonon bath. Unless noted otherwise, we
use the units, where
~ = ce = kB = 1. (10)
We employ the closed-time path integral or the
Keldysh functional integral25–28 and the background field
formalism29,30 to separate the superfluid background and
the quantum field theory of excitations. Note that the
procedure, outlined below in Eqs. (11) – (27) is com-
pletely general and does not rely on a particular form of
the initial action, but we will apply it specifically to the
superfluid Lagrangian (7).
FIG. 1. The Keldysh contour and its forward/backward
branches labeled by the path index s = ±: Each degree of
freedom and the associated sources are defined twice, one on
each branch. The values are matched at tf , for example ρ
+
f
= ρ−f .
Generally, given an initial density matrix %ˆ(ti) and the
evolution operator Uˆt′,t that takes the system from t to
t′, the density matrix at any point in time t is
%ˆ(t) = Uˆt,ti %ˆ(ti)Uˆti,t. (11)
Suppose Oˆ is an observable. In the Schro¨dinger picture,
the expectation value of this operator at time t is
〈O(t)〉 = Tr [O%ˆ(t)] . (12)
In the Keldysh formalism, the time contour is made
up of two branches that start at an early time ti and
meet at tf as shown in Fig 1. Each degree of free-
dom in the system is defined twice, one on the forward
and one on the backward branch of the time contour
labeled by ± respectively. The values of all variables
are matched at the final point tf where the branches
meet. The observable can be coupled to the system via
the source currents J±(~r, t) that are added to the Hamil-
tonian Hˆ → Hˆ+J±Oˆ. The forward/backward evolution
operators associated with the modified Hamiltonian are
denoted as Uˆ (J±). Then the forward/backward expec-
tation values of the observable can be obtained from the
following generating function
Z [J±] = Tr
[
Uˆti,tf (J
−)Uˆtf ,ti(J
+)%ˆ(ti)
]
, (13)
by differentiating it with respect to the for-
ward/backward source currents J±〈
O±(t)
〉
= ±i δ
δJ±(t)
Z [J±]
∣∣∣∣
J±=0
. (14)
Note that, if we set J+ = J− from the outset, the
forward/backward evolution operators cancel due to uni-
tarity and
Z [ ~J+ = ~J−] = Tr %ˆ(ti) = 1. (15)
This means taking the logarithm of the generating func-
tion as in ordinary field theory, is redundant in Keldysh
theory.
The generating function Eq. (13) for the boson system
in Eq. (7) can be written as a closed time path integral
as20,31:
Z [J±ρ , J
±
θ ] =
∫
D [θ±, ρ±]%
(
ρ±i , θ
±
i
)
× exp
[
i
∑
C=±
C
∫
dxL (ρC , θC) + JCρ ρ
C + JCθ θ
C
]
.
(16)
where dx ≡ dtd3r, the sum goes over the upper and
lower Keldysh contours, the factor C is (±1) for the up-
per/lower contour.
The simplest observables are the mean fields, that is
the expectation values of the fields. Writing
Z [J±ρ , J
±
θ ] = e
iW [J±ρ ,J
±
θ ], (17)
5the mean fields are generated by using Eq. (14) and
Eq. (15)
ρ±0 := 〈ρ±〉 = ±
δW
δJ±ρ
∣∣∣∣
J±ρ =0
and θ±0 := 〈θ±〉 = ±
δW
δJ±θ
∣∣∣∣
J±θ =0
.
(18a)
Now, we can separate the system into a classical back-
ground and quantum excitations around it as follows.
Suppose that the mean fields are given. Then one can
express the sources in terms of the mean fields by con-
structing the effective action, that is the Legendre trans-
form
Γ[ρ±0 , θ
±
0 ] = W [J
±
ρ , J
±
θ ]−
∑
C=±
C
∫
dx
(
JCρ ρ
C
0 + J
C
θ θ
C
0
)
.
(19)
Now, the sources can be expressed as
δΓ
δρ±0
= ∓J±ρ and
δΓ
δθ±0
= ∓J±θ . (20a)
Exponentiating the effective action and using (19) one
can eliminate the sources in (16) in favor of the mean
fields. If we define the deviations from the mean fields:
ρ˜± = ρ± − ρ±0 , (21a)
φ± = θ± − θ±0 , (21b)
we can write the following integral equation for the effec-
tive action
eiΓ[J
±
ρ ,J
±
θ ] =
∫
D [θ±, ρ±]%
(
ρ±i , θ
±
i
)
×exp
[
i
∑
C=±
C
∫
dxL (ρC , θC)− δΓ
δρC0
ρ˜C − δΓ
δθC0
φC
]
.
(22)
The effective action, Γ, can be solved for iteratively and
be expressed as a series (we restore the Planck constant
below to emphasize the semiclassical nature of the ex-
pansion)
Γ = Γ0 + ~Γph + ~2Γ2 + . . . (23)
the classical action
S[ρ±, θ±] =
∫
dxL (ρ±, θ±), (24)
being the zeroth term:
Γ0 = S[ρ
+
0 , θ
+
0 ]− S[ρ−0 , θ−0 ]. (25)
In this paper we consider only the first order or one-loop
correction Γph to the classical action. This correction
encapsulates the quantum field of Bogoluibov quasipar-
ticles over the background, that become phonons at long
wavelengths (hence we use the subscript ph, a shorthand
for “phonon” corresponding to the first loop correction).
We substitute the lowest-order expression( 25) into Γ’s
on the right hand side of Eq. (22). On the left-hand
side, we substitute Γ0 + Γph, where Γph is an unknown.
Expanding S around ρ0 and θ0, and matching the terms
in the equation, we find the phonon effective action Γph
i.e. the leading-order correction in ρ˜ and φ to Γ. Defining
%˜
(
ρ˜±i , φ
±
i
)
= %
(
ρ±i − ρ±0 , θ±i − θ±0
)
,
we write
eiΓph[ρ
±
0 ,θ
±
0 ] =
∫
D [ρ˜±, φ±]%˜
(
ρ˜±i , φ
±
i
)
× exp
{
i
∑
C=±
C
∫
dxL C(2)(ρ˜C , φC)
}
, (26)
where the L 2, depends on the path index C = ± not
only through its arguments but explicitly as
L ±(2)(ρ˜, θ) = (ρ˜, φ) · δ
2L
δ2(ρ, θ)
∣∣∣∣
ρ±0 ,θ
±
0
· (ρ˜, φ) (27)
in multi-index notation. So far, the results are completely
general. Now we use the explicit Lagrangian (7) and ob-
tain the phonon effective Lagrangian, L (2). After sup-
pressing the time-path index C = ±, it is
−L (2) = ρ˜(∂t+~v0 ·∇)φ+ 1
2
ρ˜
(
c20
ρ0
+ KˆQ
)
ρ˜+
1
2
ρ0(∇φ)2,
(28)
where we defined the “quantum pressure” operator,
KˆQ =
1
4m2
[
(∇ρ0)2
ρ30
− ∇ρ0
ρ20
· ∇ − ∇
2
ρ0
]
. (29)
A. Covariant phonon action
The one-loop correction can be computed exactly in
the strong interaction limit, as the path integral reduces
to a Gaussian integral. As noted in Sec. II, at energy
scales below ELorentz, the operator KˆQ in (28), that re-
sults from quantum pressure, can be neglected compared
with the term c20/ρ0. This yields the following Lagrangian
L
(2)
KˆQ→0 → −ρ˜Dtφ−
1
2
ρ˜
(
c20
ρ0
)
ρ˜− 1
2
ρ0(∇φ)2, (30)
where we defined the material derivative
Dtφ = ∂tφ+ ~v0 · ∇φ.
Now, the density fluctuations, ρ˜, can be integrated out.
To do the path integral over ρ˜, we can think of space-time
as divided into cubes with volume ξ4/ce and discretize
the integral. Note that the integrand is a diagonal ma-
trix over space-time and the path integral reduces to a
product of Gaussian integrals. At this point, we shorten
6the notations for the mean-field parameters ρ0, θ0 and ~v0,
writing them as simply ρ, θ and ~v for the sake of brevity.
If we define the density matrix as
%φ
(
φ+i , φ
−
i
)
= %˜
( ρ
c2
Dtφ
+
i , φ
+
i ;
ρ
c2
Dtφ
−
i , φ
−
i
)
, (31)
integrating out the ρ˜ field produces:
Zph = e
iΓph[ρ
±,θ±] =
∫
D ′[φ±]%φe
i(S+ph[φ
+]−S−ph[φ−]).
(32)
with the measure of the path integral being, again sup-
pressing the ± signs,
D ′[φ] =
∏
dφ
√
ρ
2pic2
, (33a)
and the following covariant action for phonons
Sph =
1
2
∫
dt d3x
ρ
c2
[
(Dtφ)
2 − c2 (∇φ)2
]
. (34)
This action can also be obtained through a classi-
cal treatment of the Lagrangian Eq. (7).5 The material
derivative Dtφ = ∂tφ + ~v · ∇φ is the measure of the
time rate of change of φ in a frame comoving with the
fluid. This means the action in Eq. (34) describes non-
dispersive waves with speed c in the fluid comoving frame.
Galilean invariance of the fluid system requires that the
sound wave velocity ~u = d~x/dt in the lab frame satisfy
(~u − ~v) = c2. This means the sound rays with velocity
with d~x/dt = ~u are null rays on the manifold with line
element
ds2 = −ρ
c
[−(c2 − v2)dt2 − 2~v · ~dxdt+ ~dx · ~dx]. (35)
This is the line element for any analogue gravity sys-
tem with background Galilean symmetry up to a confor-
mal factor, for which the choice of ρ/c allows us to write
the phonon action of Eq (34) in the following suggestive
form4,5
Sph =
1
2
∫
d4x
√−ggµν∂µφ∂νφ. (36)
Here, the metric can be read off from the line element
Eq. (35) by writing ds2 = gµνdx
µdxν as
gµν =
ρ
c
(
c2 − v2 ~vT
~v −I3×3
)
, (37)
here (+−−−) convention is used.
The volume measure factor turns out to be
√−g =
ρ2/c . At static equilibrium the line element Eq. (35) is
that of Minkowski space.
The measure in Eq. (33) is written as
D ′[φ] =
∏
x
(g00)1/2︸ ︷︷ ︸
“anomaly”
(−g)1/4dφ. (38)
We note that this measure is manifestly non-covariant
due to the coordinate dependent factor g00. For a field
in curved space-time the covariant measure ought to be
(−g)1/4.32,33. This means, although the phonon action
Eq. (34) is covariant, the path integral is not, leading to
a quantum anomaly. We will come back to this issue in
Sec. IV C where we derive the conservation law of the
stress tensor.
FIG. 2. The Keldysh contour for the phonon field. The metric
tensor depends on the background variables ρ±0 and θ
±
0 and
therefore is also defined twice.
Before going into obtaining equations of motion from
the effective action of the Keldysh field theory, it is worth-
while to list a number of properties that Keldysh theory
obeys. We draw Fig. 2 to show the forward/backward
fields and sources of the phonon field. We identified
Eq. (32) with the closed-time-path partition function of
phonons Zph. The first order correction Γph to the clas-
sical action is then given as:
Γph = −i logZph[g+, g−]. (39)
As a consequence of unitarity, similar to Eq.(15),
Zph[g
± = g] = 1, (40)
i.e. when the background is the same on the forward and
backward directions, the product of backward and for-
ward evolution operators is unitary. Also, from Eq. (32),
Zph[g
+, g−; J+, J−] = (Zph[g−, g+; J−φ , J
+
φ ])
∗, (41)
where J±φ are additional sources attached in order to
compute expectation values of φ. It follows from Eq. (40)
and Eq. (41) that the effective action satisfies
Γph[g, g] = 0, (42a)
Γph[g
+, g−] = −Γ∗ph[g−, g+]. (42b)
These properties are handy while computing the Keldysh
correlation functions.
IV. ANALOGUE EINSTEIN EQUATIONS AND
TWO-FLUID HYDRODYNAMICS
In general relativity, the relationship between matter
and space-time curvature is governed by the Einstein’s
equation. Being covariant under coordinate transfor-
mations, the matter field obeys the covariant conserva-
tion law. However, this is not a total conservation law,
7as there is energy momentum exchange between fields
and the space-time curvature. There are pseudo-tensor
constructions like Einstein pseudotensor or the Landau-
Lifshitz pseudotensor that quantify the stress energy of
the gravitational field.34,35 These pseudo-tensors, when
added to the stress tensor of matter, become a totally
conserved quantity.
In this section, in analogy with general relativity, we
will start with the first loop effective action
Γ = S[ρ+, θ+]− S[ρ−, θ−]− i logZph[g±], (43)
where the metric g± is a functional of ρ± and θ± accord-
ing to Eq. (37). The effective action Eq. (43) is in agree-
ment with the one postulated in Ref. [36] to compute
backreaction corrections to acoustic black holes where the
quantum effects, i.e. Hawking radiation, is important.
We will first write the stress-energy tensor for the covari-
ant phonons starting from the effective action Eq. (19).
Then we will write down an analogue Einstein equation
that describes the evolution of metric tensor (37) due
to the stress-energy of phonons, which play the part of
matter. To complete the analogy, we will derive a total
conservation law by using the covariant conservation law
and the analogue Einstein’s equation. Moreover, we will
show that the conserved quantity is a canonical Noether
current and therefore describes the total conservation of
momentum and energy in the lab frame. This means two
fluid hydrodynamics directly follows from the analogue
gravity formalism.
A. Hilbert Stress-Energy operator of the covariant
phonon field
The expectation value of the stress-energy operator can
be defined by using Schwinger’s variational principle37 as〈
Tˆµν
〉
= −i 2√−g
δ logZph
δ(g+)µν
∣∣∣∣
g+=g−
=
2√−g
δΓph
δ(g+)µν
∣∣∣∣
g+=g−
. (44)
Then, the stress-energy operator is defined (symmetrized
for convenience) as
Tˆµν(x) =
1
2
{∂µφˆ(x), ∂ν φˆ(x)} − 1
2
gµν∂
αφˆ(x)∂αφˆ(x).
(45)
This expression is problematic because it contains a
product of field operators at the same space-time point
and generally leads to divergences. These can be cured
through a variety of regularization and renormalization
schemes.37 One of these methods is called point splitting
where the field operators are taken on different space time
points, and the limit of coincidence is taken after per-
forming derivatives and averages. In semiclassical grav-
ity diverging quantities are renormalized into coupling
constants in Einstein’s equation.21,37
Physically, the zero point quantum fluctuations that
add up to an infinite vacuum energy. In the strongly
interacting analoguesystem, the divergent quantities are
believed to be already accounted for in the background
as a part of the internal energy of the fluid.9 This en-
sures the stability of the liquid droplets, by renormaliz-
ing the equilibrium pressure to zero. Recently, the role of
zero point energy in the formation of stable macroscopic
droplets in strongly interacting BEC’s was investigated
both theoretically38 and experimentally.39 Therefore, as-
suming that the vacuum energy is already renormalized
into the background energy, we will formally discard the
divergent piece of the stress-energy expectation value.
Note that, in field theory on flat space-time, the diver-
gence is tacitly discarded through the normal ordering of
operators.
Let 〈Tˆµν(x)〉div represent the divergent piece in the ex-
pectation value for the stress-energy operator. Through-
out the paper we will refer to the renormalized stress-
energy as:〈
Tˆµν(x)
〉
=
1
2
(
δαµδ
β
ν + δ
α
ν δ
β
µ − gµνgαβ
)×
lim
x′,x′′→x
∂
∂x′α
∂
∂x′′β
〈
Tφˆ(x′)φˆ(x′′)
〉
−
〈
Tˆµν(x)
〉
div
.
(46)
where T is the time ordering operator. The time ordered
correlation function is equivalent to the forward-forward
correlation function of the Keldysh theory31〈
Tφˆ(x′)φˆ(x′′)
〉
=
〈
φˆ+(x′)φˆ+(x′′)
〉
=
δ2Zph[J
+, J−]
δJ+(x′)δJ+(x′′)
∣∣∣∣
J+=J−=0
. (47)
B. Semiclassical analogue Einstein equations and
the “phonon matter”
Having defined the stress tensor of the matter field
(phonons), we now write down the equations of motion
for the superfluid and the phonons and argue that it is
analogous to the semi-classical Einstein’s equation.
After dropping the quantum pressure, and using
Eq. (44), the Euler-Lagrange equations that follow from
the effective action Eq. (43) in the limit (ρ±, θ±) → (ρ,
θ) are the fluid equations of motion Eq. (8) with semi-
classical source terms
∂tρ+∇ · (ρ~v) = 1
2
∇ ·
(√−g 〈Tˆµν〉 δgµν
δ~v
)
, (48a)
∂tθ +
1
2
v2 + µ(ρ) =
1
2
(√−g 〈Tˆµν〉 δgµν
δρ
)
. (48b)
Here µ(ρ) = ∂ε/∂ρ is the local chemical potential for the
superfluid.
Given the initial density operator of phonons and ini-
tial values and boundary conditions for the background
8fields ρ and θ, one can compute the metric everywhere by
solving Eq. (48) and plugging the solutions into the defi-
nition Eq. (37). The source terms on the right hand side
must be self-consistent with this solution, as the metric
appears both explicitly in (48) and also inside the defi-
nition of the stress tensor in Eq. (46). This is because
the metric tensor determines how the sound field prop-
agates, classically expressed as Eq. (1). In this respect,
the Eqs. (48) resembles Einstein’s equations where the
Eulerian left hand sides provide dynamics to the metric
tensor and are analogous to the Einstein tensor and the
stress-tensor corresponds to the matter whose motion is
dictated by the curvature.
C. Canonical versus Covariant Conserved Currents
Here, we show that the covariant conservation law
and the analogue Einstein equations Eq. (48) leads to
a canonical conservation law for energy-momentum.
Classically, the stress tensor in Eq. (44), obeys the co-
variant conservation law
∇µTµν = ∂µTµν + T θν Γµθµ − Tµθ Γθµν = 0, (49)
owing to the fact that it is derived from the effective
action,37 where ∇µ denotes the covariant derivative.
Writing the definitions of Christoffel symbols Eq. (A1)
in terms of the metric and using Eq. (A2) and Eq. (A3),
we get:
∇µTµν =
1√−g ∂µ
(
Tµν
√−g)+ 1
2
Tαβ ∂νg
αβ = 0. (50)
The partial derivative is streamlined with comma no-
tation whenever convenient, i.e. for any quantity A,
∂µA = A,µ. The Lagrangian density for phonons can
be extracted from Eq. (36) as
Lph =
1
2
√−ggµν∂µφ∂νφ. (51)
Then the first term in Eq. (50) is related to the canonical
stress tensor of phonons, and by inspecting the classical
version of the Hilbert stress-energy tensor Eq. (45), it can
be written as
√−gTµν =
∂Lph
∂φ,µ
φ,ν −Lphδµν . (52)
By using the chain rule and the definition Eq. (44), the
second piece in Eq. (50) reduces to
1
2
√−gTαβ ∂νgαβ =
∂Lph
∂θ,µ
θ,µν +
∂Lph
∂ρ
ρ,ν . (53)
Let Lcl denote the Lagrangian density of the back-
ground after the quantum pressure term is dropped
−Lcl = ρ∂tθ + 1
2
ρ~v2 + ε(ρ). (54)
By using the equations of motion Eq. (48), in the Euler-
Lagrange form, as shown in Appendix A write can write
Eq. (50) as the conservation of the following current
Tµν =
∂Lph
∂φ,µ
φ,ν+
∂(Lph +Lcl)
∂θ,µ
θ,ν−(Lph +Lcl) δµν .
(55)
If we define the total Lagrangian of the background-
phonon composite system
Lsys = Lcl +Lph,
and noticing that ∂Lcl/∂ρ,µ and ∂Lcl/∂φ,µ both vanish,
T in Eq. (55) is is precisely the conserved Noether current
Tµν =
∂Lsys
∂(ρ, θ, φ),µ
· (ρ, θ, φ),ν −Lsysδµν .
due to the space time translation invariance of the overall
system represented by the effective action Eq. (43).
We define T , the stress energy tensor of the analogue-
gravitational field as
√−gT µν =
∂(Lph +Lcl)
∂θ,µ
θ,ν −Lclδµν . (56)
This expression generates the familiar energ and momen-
tum density in the background. For example the energy
density of the background in the laboratory frame follows
from Eq. (56) as
√−gT 00 =
1
2
ρ~v2 + ε(ρ). (57)
Similarly, the laboratory frame momentum density of the
background follows from Eq. (56) as
√−gT 0i = −ρvi. (58)
The Noether current Eq. (55) can be written as the
current due to the background and the excitations as
Eq. (49) as the
Tµν =
√−gTµν +
√−gT µν . (59)
This means the mixed canonical stress tensor of the exci-
tations correspond to energy-momentum corrections due
to excitations in the laboratory frame.
However, because of the covariance anomaly of the
quantum phonon field that manifests itself in the path
integral measure Eq. (38), the covaraint derivative of the
expectation value of the quantum stress operator must be
equal to an anomalous current, i.e. ∇µ〈Tˆµν 〉 = Janomν .
Furthermore this current should be Galilean covariant
due to the overall Galilean invariance of the system. This
is the second type of anomaly in the analogue gravity sys-
tem, the first being the trace anomaly due to Hawking
radiation, which occurs when there is a sonic horizon in
the system.10 In this paper we assume that no sonic hori-
zon exists and that the quantum pressure term is weak
9everywhere. We defer the rigorous analysis and compu-
tation of the anomalous current to another publication.
Since anomalies are necessarily quantum effects, in the
regimes we work, they should be washed out by thermal
contributions. Then for the expectation
Tµν =
√−g
〈
Tˆµν
〉
+
√−g
〈
T µν [φˆ]
〉
, (60)
the conservation law
∂µT
µ
ν = 0 (61)
holds. In the next section we rewrite Eq. (61) and
Eq. (48) in the two-fluid variables.
D. Mass-energy-momentum balance and the
covariant conservation of stress-energy operator
In this section, we complete the connection of the
analogue Einstein equation Eq. (48) and the covariant
conservation law Eq. (50) and two-fluid hydrodynamics
by identifying the normal and superfluid components in
terms of the background fields and the stress tensor.
Inspecting the conservation law Eq. (60) that we de-
rived in Sec. IV C, we define the momentum density ~P ,
energy density E and energy flux ~Q due to phonons, in
the lab frame
Pi : = −
√−g
〈
Tˆ 0i
〉
, (62a)
E : =
√−g
〈
Tˆ 00
〉
, (62b)
Qi : =
√−g
〈
Tˆ i0
〉
. (62c)
Here, the quantities on the left hand side are momentum
density, momentum flux tensor and energy density. Being
Cartesian tensors, their indices are uppered/lowered by
using the Kronecker delta function. By Galilean trans-
forming the quantities on the right hand side according
to the usual tensor transformation rules, we observe that
Pi is Galilean invariant while E and Qi are not.
We define the following symmetric, Galilean invariant,
Cartesian momentum flux tensor
piij :=
c
ρ
√−g
〈
Tˆij
〉
=
c
ρ
√−g
〈
Tˆµj
〉
giµ. (63)
By using the expression for the metric Eq. (37) and the
definitions in Eq. (62), the mixed momentum flux tensor
due to phonons is
−√−g
〈
Tˆ ij
〉
= piij + Pjv
s
i , (64)
The equations of two fluid hydrodynamics are conser-
vation laws for the density, momentum and energy for the
superfluid and normal components of the system denoted
by the superscripts s and n respectively. We make the
following identification of velocity and density in Eq. (48)
as the velocity of the superfluid component and the total
density (i.e. superfluid plus normal)respectively.
~v := ~vs, (65a)
ρ := ρs + ρn. (65b)
Consequently, ~vs = ∇θ.
Now, we identify the analogue Einstein equations
Eq. (48) as mass conservation and superflow equations
respectively, by writing the phonon contribution in terms
of energy and momenta defined in Eq. (62).
The inverse metric in Eq. (48) follows from Eq. (37) as
gµν =
1
ρc
(
1 ~vTs
~vs −c2I3×3 + ~vs~vTs
)
. (66)
If A is any tensor with two covariant indices contracted
and κ = ∂ ln c/∂ ln ρ characterizes the logarithmic deriva-
tive of the energy of a linearly dispersing sound wave with
respect to the density of the medium, then the derivative
of the metric Eq. (66) obeys the following rules
δgµν
δρ
A ...µν... =
1
ρ
(κ− 1)Aµ ...µ... − 2κcA00 ...... , (67a)
δgµν
δvis
A ...µν... = A
0 ...
i... +A
0 ...
i ... . (67b)
The source current can be written as quasi-particle mo-
mentum by making the identification
− 1
2
√−g
〈
Tˆµν
〉 δgµν
δ~vs
= −√−g
〈
Tˆ 0i
〉
= Pi. (68)
Then the first analogue Einstein equation Eq. (48a) is
recast as the continuity equation for mass
∂tρ+∇ · (ρ~vs + ~P ) = 0. (69)
The source term in Eq. (48b) reads
1
2
√−g
〈
Tˆµν
〉 δgµν
δρ
=
√−g
2ρ
[κ− 1]
〈
Tˆµµ
〉
anom
− κ
ρ
ρc
√−g
〈
Tˆ 00
〉
:= −κ
ρ
[E − ~vs · ~P ] = −κ
ρ
E0 = −∂E0
∂ρ
. (70)
Here, the trace of the stress-operator is zero in the ab-
sence of an acoustic horizon where the Hawking radiation
creates a trace anomaly. The frame shifted E0, by virtue
of its tensorial expression being manifestly Galilean in-
variant, is the comoving frame energy density of quasi-
particles. In these variables the Bernoulli Eq. (48b) takes
its familiar form
∂tθ +
1
2
v2s + µ(ρ) +
∂E0
∂ρ
= 0. (71)
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A corrolary of this equation is that the classical La-
grangian L of the background is related to the isotropic
pressure in the system
Lcl = −ρ∂tθ − ρ1
2
v2s − ε(ρ)
= [ρµ(ρ)− ε(ρ)] + ρ∂E0
∂ρ
− E0 + E0 = p+ E0. (72)
From Eq. (61), the momentum conservation equation
reads
∂µT
µ
i = ∂tT
0
i + ∂jT
j
i = 0. (73)
Writing T as in Eq. (60), computing T according to
Eq. (56) and using Eqs. (62), Eq. (64) and Eq. (72) we
get
∂t(ρvsi+Pi)+∂j([ρvsi+Pi]vsj+Pjvsi+piij)+∂i(p+E0) = 0.
(74)
where repeated indices are summed.
Similarly, From Eq. (61), the energy conservation equa-
tion reads
∂µT
µ
0 = ∂tT
0
0 + ∂jT
j
0 = 0. (75)
Writing T as in Eq. (60), computing T according to
Eq. (56) and using Eqs. (62) and Eq. (71), we get
∂t
(
1
2
ρv2 + ε(ρ) + E
)
+ ∂i
(
Qi + [ρvsi + Pi]
[
1
2
v2s + µ(ρ) + ∂E0/∂ρ
])
= 0
(76)
In summary, the analogue Einstein equation Eq. (48),
the covariant conservation law of stress tensor Eq. (49)
and the consequent conservation law Eq. (61) leads to the
continuity of mass Eq. (69), Bernouilli equation Eq. (71)
and the conservation of momentum Eq. (74). If we define
the current density ~J , energy density E , momentum flux
Π and the superfluid potential G as
Ji := ρvsi + Pi, (77a)
E :=
1
2
ρv2 + ε(ρ) + E, (77b)
Πij := ρvsivsj + Pivsj + Pjvsi + piij + [p+ E0]δij , (77c)
G :=
1
2
v2s + µ(ρ) +
∂E0
∂ρ
. (77d)
we rewrite Eq. (69), Eq. (74), Eq. (76) and Eq. (71) as
the Landau- Khalatnikov equations for the superfluid
∂tρ+∇ · ~J = 0, (78a)
∂tJi +∇jΠij = 0, (78b)
∂tE +∇ · ( ~Q+ ~JG) = 0, (78c)
∂t~vs +∇G = 0. (78d)
The Eqs. (78a) and (78d) share the manifest Galilean
invariance of Euler equations, because the Pi and E0 are
comoving frame momentum and energy of phonons. The
Galilean invariance of Eqs. (78b) and (78c) follow im-
mediately, because they are derived using the covariant
conservation law Eq. (49), that is valid in all frames, and
the analogue Einstein equations, which in the two-fluid
language become Eqs. (78a) and (78d).
Finally, note that the dissipative effects due to the
normal fluid are taken into account in the heat flux ~Q
and the momentum flux tensor piij . The dissipative com-
ponents of these tensors can be computed according to
linear response theory which we explain in the next sec-
tion. In the limit ~vs → 0, the Eqs. (78) become that of
a normal fluid with ρ → ρn is the normal density and
Pi → ρnvni defines the velocity of normal component.
Assuming Stoke’s constitutive law for stress, the momen-
tum balance equation (78b) becomes the Navier-Stokes
equation.
V. STOCHASTIC ANALOGUE EINSTEIN
EQUATIONS
Starting from the Lagrangian Eq. (7), we first derived
the Euler equations Eq. (8) for the background and im-
proved it to contain the phonons and called it the ana-
logue Einstein (order one in metric perturbation) equa-
tions Eq. (48).
In this section we will go to second order in the met-
ric perturbations and obtain dissipation and noise ker-
nels due to phonons through a generalized linear re-
sponse method. We will write an effective stochastic
action for phonons that capture this noise and derive
the stochastic analogue Einstein equation. This equa-
tion when linearized around a deterministic solution for
the background fields ρ and θ, describes the motion of
the stochastic corrections to the solution. Finally we
show that in thermodynamic equilibrium the stochastic
forcing term is balanced by the dissipation, that is the
fluctuation-dissipation relation holds.
A. Linear response and the covariant stress-energy
correlator
To see the semi-classical expansion due to metric per-
turbations, we first define the vector in time-path space
composed of forward/backward metric tensors
~g =
(
g+µν(x), g−µν(x)
)
. (79)
Then the expansion of phonon effective action up to sec-
ond order in metric perturbations is
Γph =
δΓph
δ~g
· δ~g + 1
2
δ~g · δ
2Γph
δ~gδ~g
· δ~g +O(δ~g3). (80)
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Here the boldface symbol δ is for variation with respect
to the element g+µν is defined as
δΓ
δg+µν
=
1√−g(x) δΓ[g+(x), g−(x)]δg+µν(x)
∣∣∣∣
g+=g−=g
, (81)
and the product of two time-path vectors (~A · ~B) sums
over all path and tensor indices and integrates over posi-
tion by using the metric g+ = g− = g, namely,
~A · ~B =
∫
d4x
√
−g(x)
(
A+µν(x)B+µν(x)
+A−µν(x)B−µν(x)
)
. (82)
Using Eq. (40), (41) and (42), it follows that the first
order variation of the phonon effective action is
δΓph
δ~g
=
1
2
(
T ,−T) , (83)
where
T =
〈
Tˆµν(x)
〉
. (84)
We define the deviations of the stress energy operator
from its expectation value
tˆµν(x) = Tˆµν(x)−
〈
Tˆµν(x)
〉
. (85)
Following Martin and Verdaguer 40 we define the local
stress deviation K, the causal response kernel H and the
noise kernel N that are bi-tensors made of correlators of
tˆ
Hˆµναβ(x, y) = −iθ(x0 − y0)
〈[
tˆµν(x), tˆαβ(y)
]〉
, (86a)
Nˆµναβ(x, y) =
1
2
〈{
tˆµν(x), tˆαβ(y)
}〉
, (86b)
Kˆµναβ(x, y) =
−4√
g(x)g(y)
〈
δ2Sph[φˆ]
δgµν(x)δgαβ(y)
〉
. (86c)
These tensors are symmetric in the following way. If A
is any of the above kernels than
Aµναβ = Aνµαβ = Aµνβα (87)
In Eq. (86a), H is manifestly causal and HS,A are
symmetric/anti-symmetric parts of H respectively,
HS,Aµναβ(x, y) = ±HS,Aαβµν(y, x). (88)
and they are
HˆSµναβ(x, y) = Im
〈
T∗
{
tˆµν(x)tˆαβ(y)
}〉
, (89a)
HˆAµναβ(x, y) =
−i
2
〈[
tˆµν(x), tˆαβ(y)
]〉
. (89b)
As we show in the Appendix B, the second order vari-
ation is a matrix in time-path space is
δ2Γph
δ~gδ~g
=
1
4
(
iN−HS −K −iN−HA
−iN + HA iN + HS + K
)
. (90)
All of these kernels are real. HA, the anti-symmetric
component of the causal response function H, changes
sign in Eq. (90) when the forward/backward branches
are switched. Therefore it breaks time-reversal symmetry
and therefore gives rise to dissipative effects.
B. Global Thermal Equilibrium and Fluctuation
Dissipation Relation
Here we show, at global thermal equilibrium, that the
noise kernel N and the dissipation kernel H are related
in a stationary flow. For example, a flow through a tube
with varying cross section, but constant in time for each
point in the tube and the temperature measured in the
lab is uniform throughout the system.
The stationary flow with global thermal equilibrium
is especially important because in the analogue gravity
language it maps on to a hot curved space-time at global
thermal equilibrium. Such a space contains globally time-
like Killing vectors κµ. 37,41 The local temperature in the
space-time various according to the norm of the time-like
Killing vector and is dictated by Tolman’s law:
TTol
√
gµνκµκν = constant. (91)
Once there are globally time-like Killing vectors, modes
that solve the covariant wave equation Eq. (1) are classi-
fied as positive/negative Killing frequencies according to
the value of their directional (Lie) derivative along the
Killing vector, that is
Lκun = −iωnun, (92a)
Lκu
∗
n = iωiu
∗
n, ω > 0. (92b)
Now the field operator is written in the second quantiza-
tion language and reads
φˆ =
∑
n
aˆ†nu
∗
n + aˆnun, (93)
where the vacuum state is uniquely defined. The Hamil-
tonian operator with eigenvalues equal to the Killing fre-
quencies can be written in terms of the positive energy
mode operators
Hˆ =
∑
n
ωnaˆ
†
naˆn. (94)
As long as the conserved energy ω and the associated
temperature is used, the methods of thermal field the-
ory in flat space-time is easily generalized to the curved
space-time case.40 In the fluid system, this is not a sur-
prise, as in a stationary case, the Hamiltonian associated
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with the Lagrangian in Eq. (34) is time independent and
second quantized in the form of Eq. (94) .
In analogue gravity systems, this energy ω coincides
with the lab frame energy of the mode.42 Note that, this
is not the comoving frame energy or the energy mea-
sured by observers in curved space-time, which is not
conserved. This means the temperature in the comoving
frame and the lab frame and the different and are re-
lated to each other through the Tolman law.9 Stationary
flow means the Killing vector is κ = (1, 0, 0, 0) In global
thermodynamic equilibrium, the positive energe modes
ui are distributed thermally according to the lab frame
temperature so that we have
TTol
√
g00 = TTol
√
ρc(1− v2/c2) = Tlab = 1
β
. (95)
Note that this analogue Tolman law is a purely classical
effect that stems from the emergent Lorentz invariance of
excitations in the strongly-correlated superfluid. It is to
be distinguished from the Unruh effect, where an accel-
erating observer detects a thermal radiation of phonons
even if the lab frame’s temperature is zero.
In equilibrium the eigenstates are distributed accord-
ing to the lab frame temperature, with the density oper-
ator of defined in Eq. (31) that reads
%ˆφ = exp(−βHˆ)/Tr
{
%ˆφ
}
. (96)
Then, the operator averages are best handled in imagi-
nary time (it = τ) formalism. For example for two oper-
ators Oˆ1 and Oˆ2 we have, suppressing the space indices,
〈
Oˆ1(τ)Oˆ2(τ
′)
〉
= Tr
(
Oˆ1(τ)Oˆ2(τ
′)ρˆ
)
= Tr
(
U(iτ)Oˆ1U(−iτ)U(iτ ′)Oˆ2U(−iτ ′)U(−iβ)
)
= Tr
(
Oˆ2(τ
′ + β)Oˆ1(τ)ρˆ
)
=
〈
Oˆ2(τ
′ + β)Oˆ1(τ)
〉
. (97)
Stationarity allows the use of Fourier transformation in
time domain, hence this equation can be written as〈
Oˆ1(ω)Oˆ2(−ω)
〉
= eβω
〈
Oˆ2(−ω)Oˆ1(ω)
〉
. (98)
Now we show that a fluctuation dissipation relation ex-
ists. Inspection of Eq. (107), (90) and (106) reveals that
the time- reversal odd piece HA of the causal response
causes dissipation and the fluctuation kernel N causes
noise.
Defining
Fµναβ(ω, ~x, ~y) =
∫
dω
2pi
ei(t−t
′) 〈tˆµν(t, ~x)tˆαβ(t′, ~y)〉 , (99)
and rewriting the definitions in Eq. (86) in frequency do-
main and using Eq. (98) we get:
HˆAµναβ(ω, ~x, ~y) = −
i
2
F (ω, ~x, ~y)
(
1− e−βω) , (100a)
Nˆµναβ(ω, ~x, ~y) =
1
2
F (ω, ~x, ~y)
(
1 + e−βω
)
. (100b)
The fluctuation dissipation relation immediately follows
as:
HˆAµναβ(ω, ~x, ~y) = −i tanh(βω/2)Nˆµναβ(ω, ~x, ~y). (101)
C. Hydrodynamic fluctuations around a
deterministic solution
Suppose ρ¯ and θ¯ are solutions to the analogue Einstein
equations Eq. (48). Define the classical and quantum
corrections to the solutions
ρ± = ρ¯+ ρ± = ρ¯+ ρc ± ρq (102a)
θ± = θ¯ + θ± = θ¯ + θc ± θq. (102b)
Let the corresponding perturbations to the metric tensor
be hc + hq and hc − hq so that
~g = (g¯µν + (hq)µν + (hq)µν , g¯µν + (hc)µν − (hq)µν).
(103a)
Breaking the deviations into classical and quantum
parts amounts to (Keldysh) rotating the matrix in
Eq. (90). The classical deviation can be thought of as
a real displacement while the quantum deviation as a
virtual displacement. Variation with respect to virtual
displacement (hq) gives the classical equations of motion
with one loop corrections as in Eq. (48). To find the fluc-
tuations of the stress-energy, we can expand the effective
actions as a Taylor series in the classical and quantum
deviations to second order as
Γph[~g] = T ·hq− 1
2
hq ·(H+K) ·hc+ i
2
hq ·N ·hq+O(h3),
(104)
where, all the kernels are functionals of the unperturbed
metric g and ~h is decomposed as (hc,hq) and the dot
product on the right hand side contracts space-time in-
dices with g and integrates over space-time. We no-
tice that the equation (107) is in the same form as the
Keldysh action for a quantum particle in a bath20. The
well established technique to derive Langevin type equa-
tion from this action is to define an auxiliary stochastic
tensor ξ to decouple the O((hq)2) term (the Hubbard-
Stratanovich decomposition).
exp (iΓph[~g])
=
1√
Det(2piN)
∫
D [ξ]e−
1
2 ξ·N−1·ξeiRe{Γph}+iξ·h
q
=
〈
eiRe{Γph}+iξ·h
q
〉
ξ
= 〈exp (iΓph[~g; ξ])〉ξ . (105)
The mean and correlation function of the noise tensor
field ξ is defined by the above Gaussian path integral,
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using the definition Eq. (106) of the noise kernel N, which
yields
〈ξµν(x)〉ξ = 0, (106a)
〈ξµν(x)ξαβ(y)〉ξ =
1
2
〈{tˆµν(x), tˆαβ(y)}〉 . (106b)
The new phonon effective action
Γph[~g; ξ[g¯]] = (T + ξ) · hq − 1
2
hq · (H + K) · hc +O(h3)
(107)
depends on the noise tensor ξ.
Then the background plus phonon effective action in
Eq. (43) as a functional of noise tensor
Γ[ρ±, θ±, ξ] = S[ρ+, θ+]−S[ρ−, θ−]+Γph[~g; ξ[g¯]]. (108)
D. Stochastic analogue Einstein equation
The Euler-Lagrange equations for the stochastic effec-
tive action Γ[ρ±, θ±, ξ] in the limit (ρ±, θ±)→ (ρ, θ) and
hence hq → 0 are the following stochastic analogue Ein-
stein equations for the two-fluid hydrodynamics
∂tρ+∇ · (ρ~v) = 1
2
∇ ·
(√−g [〈Tˆµν〉+ ξµν] δgµν
δ~v
)
;
(109a)
∂tθ +
1
2
v2 + µ(ρ) =
1
2
(√−g [〈Tˆµν〉+ ξµν] δgµν
δρ
)
.
(109b)
In this equation, the noise source ξ[g¯] is computed by
using the metric g¯(ρ¯, v¯) that solves Eq. (48), while ρ and
θ suffer deviations ρc, θc from the solution of Eq. (48)
due to the existence of noise. The energy momentum
tensor is also computed by taking these deviations in to
account. Next we summarize the procedure to find the
stochastic deviations ρc and θc of the background.
E. Procedure to compute background metric
fluctuations from the analogue Einstein equation
Below, we outline the procedure to determine fluctua-
tions of the metric, given initial data that consists of the
initial conditions, boundary conditions, an initial state
of the phonon density operator, and external sources, if
any.
First, is to compute the deterministic solution (ρ¯, v¯)
and the associated metric g¯µν [ρ¯, θ¯] as defined in Eq. (37),
by solving the analogue Einstein equation (48) self con-
sistently. In general this is equivalent to solving the two-
fluid equations Eq. (78) and is a difficult task. However,
one can approach this problem perturbatively. If one has
a solution to the Euler equations that describes the back-
ground without the phonons (Eq. (8) with no quantum
pressure), then the expectation value of the stress-energy
operator Eq. (46) is computed by using the techniques in
Ref. [37] and references therein. One then continues this
process up to a desired order, so that the background
is consistent with the metric on which the sources are
computed.
Second, is to compute the correlators of the stress ten-
sor in Eq. (86) to form the response and noise kernels.
For the methods required to perform this, we refer the
reader to Ref.[ 43, 44] and references therein.
Third is to linearize the stochastic analogue Einstein
equation (109) around the deterministic solution ρ¯, θ¯.
The resulting equation is linear in the stochastic correc-
tions ρc and θc, to the background variables. The asso-
ciated first-order corrections to the deterministic metric
g¯ follow from the chain rule as
(hc)µν = ρc
δg¯µν
δρ
+ ~vc · δg¯
µν
δ~v
. (110)
Then, the linearized stochastic analogue Einstein equa-
tion, that we dub the analogue Einstein-Langevin equa-
tion, follows from Eq. (109), where we linearize the stress
tensor by using Eq. (107), as
∂tρ
c +∇ · (ρ¯~vc) +∇ · (ρcv¯) = 1
2
∇ ·
(√−g¯ δg¯µν
δv¯
×
[
−1
2
∫
d4y(H +K)µναβ(x, y)(h
c)αβ(y) + ξµν
])
(111)
and
∂tθ
c + v¯ · ~vc + c¯
2
ρ¯
ρc =
1
2
(√−g¯ δg¯µν
δρ
×
[
−1
2
∫
d4y(H +K)µναβ(x, y)(h
c)αβ(y) + ξµν
])
.
(112)
Fourth and final, is to write down correlators of hc. To
do this, one first expresses the correlators of the back-
ground corrections ρc and θc in terms of the noise cor-
relator N by using the Green’s functions of the linear
equations Eq. (111) and Eq. (112). Then the correlators
of hc follow from Eq. (110).
VI. EQUILIBRIUM ‘MINKOWSKI’
FLUCTUATIONS
In this section we illustrate the procedure of Sec. V E
for the static (~vs = 0) thermodynamic equilibrium focus-
ing on a qualitative analysis (detailed technical calcula-
tions and results for the correlators are cumbersome and
will be presented elsewhere). The metric tensor for the
static background reduces to that of Minkowski, if one
sets
ρ¯ = ρe = ce = c¯ = 1 (113)
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in addition to the choice of units in Eq. (10).
This renders Step 1 in Sec. V E trivial. The analogue
Einstein equations Eq. (48) and the covariant conserva-
tion law Eq. (49) are trivially satisfied. Nevertheless, it
is instructive to outline how the expectation value of the
stress-tensor is computed.
The isotropy and homogeneity of Minkowski space
places strong restrictions on the stress-energy tensor and
its correlators. For the stress tensor, homogeneity means
all components are constant in space-time. The trace of
the expectation value of stress energy vanishes for a mass-
less scalar field. The energy density is positive. There is
no isotropic Cartesian vector, therefore the momentum
density vanishes. The only isotropic rank-2 Cartesian
tensor is the Kronecker delta, therefore the spatial com-
ponents are isotropic. The only rank-2 Minkowski tensor
with the above properties is
〈
Tˆµν
〉
=
pi2T 4
90
3 0 0 00 −1 0 00 0 −1 0
0 0 0 −1
 , (114)
where the overall factor is the black body energy density
and can be obtained from the standard momentum space
integral that arise in Eq. (46), after dropping the infinite
vacuum energy.
Similarly to the stress tensor, the symmetries greatly
reduce the complexity of calculating its correlates as well.
First of all, the homogeneity of space-time requires that
any function f(x, y) = f(x − y). The stress tensor cor-
rellators can be expressed as momentum space integrals.
In thermal equilibrium, all non-local behavior is due to
the factor coth(βω/2), which behaves like
coth(βω/2)
kBT~ω−−−−−−→ 2kBT
~ω
(115)
in the high-temperature limit and all kernels become local
(memoryless) operators in space-time.
In this limit, we linearize Eq. (109) around ρ¯ and θ¯ to
get Eq. (111) and (112) for the static equilibrium. This
linearized equation is in the Langevin form. In Fourier
domain it reads(
−iω −|~k|2
1 −iω
)(
ρc
θc
)
=
(
R11 R12
R21 R22
)(
ρc
θc
)
+
(
ζ1
ζ2
)
. (116)
where Rˆ’s are local operators, hence polynomials in ~k and
ω and ζ’s are stochastic sources.
The stochastic sources ζ’s are deduced from ξµν by
applying Eq. (67a), as
ζ1 = −ikjξ0j (117a)
ζ2 =
1
2
(κ− 1)ξµµ − κξ00 (117b)
where κ = ∂ ln c/∂ ln ρ is the change of energy of phonons
with density.
The diagonal terms R11 and R22 in Eq. (126) are equal
and the symmetric part of the response kernel does not
contribute to them:
R11 = R22 = −i (1− κ)
2
kj(HA)0 µj µ − iκkj(HA)0 00j .
(118)
Whereas, the antisymmetric part of the response kernel
does not contribute to the off diagonal components
R12 = k
ikj(HS +K)0 0i j (119)
and
R21 = − (1− κ)
2
4
(HS +K)ν µν µ
− κ2(HS +K)0000 + κ(κ− 1)(HS +K)µ 00µ . (120)
Now one can solve Eq. (126) and express the correla-
tors of stochastic corrections ρc and θc in terms of the
noise correlators and the metric fluctuation follows by
using Eq. (110).
We also note that, to lowest order in k, introducing
some constants α, β, ν we have
R11 = R22 → −ν|~k|2 (121a)
R12 → αijkikj (121b)
R21 → −β (121c)
and the Eq. (126) takes the form of the linearized Navier-
Stokes and continuity equations with stochastic forcing
terms
∂tρ
c + (δij + αij)∇i~vcj − ν∇2ρc = ζ1, (122a)
∂t~v
c − ν∇2~vc = −(1 + β)∇ρc +∇ζ2. (122b)
The coefficient of viscosity ν can be extracted as
ν =
1
3
∂
∂kj
[
(1− κ)
2
(HA)0 µj µ − κ(HA)0 00j
] ∣∣∣∣
~k=0
= 0.
(123)
The vanishing viscosity is because the components of the
anti-symmetric response tensor HA that contribute to ν
are zero by virtue of the fluctuation dissipation relation
in Eq (101) and the noise tensor N for flat spacetime that
is readily computed in Ref [45]. This is in agreement with
the fundamental premise of the two-fluid model, namely
that the mutual viscosity between the normal and super-
fluid components is zero.
Ignoring αii  1 and β  1, since the operating tem-
peratures are small compared to internal energy of fluid
and dropping off-diagonal components of α due to con-
sideration of isotropy Eq. (122) reduces to:
∂tρ
c +∇2θc = ζ1, (124a)
∂tθ
c + ρc = ζ2. (124b)
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Putting κ = 0 for simplicity and defining the (retarded)
Green’s function
G =
1
ω2 − |~k|2
(
|~k|2 ωkj
−iω −ikj
)
, (125)
the solution is(
ρc
θc
)
=
(
G11 G12
G21 G22
)(
1
2ξ
µ
µ
ξ0j
)
. (126)
The Green’s function in Eq. (125) relates the covariant
noise tensor ξ to the density and noise fluctuations ρc and
~vc. To streamline the notation we define
N˜µ νµ ν = 8pi
4T 8n =
pi4T 8
1350
, (127a)
N˜0101 = pi
4T 8n =
1
4
〈
Tˆ00
〉〈
Tˆ11
〉
=
pi4T 8
10800
, (127b)
where the tensor N˜ is the momentum space representa-
tion of the local noise kernel. The values of N(x− y) at
the coincidence limit is readily computed in Ref [45].
The correlation function of fluctuations reads, for ex-
ample,
〈ρc(k)θc(−k)〉 = npi4T 8
× (2G11(k)G21(−k) +G12(k)G22(−k)), (128)
The expectation value 〈.〉 is computed with respected to
the noise ξ, as in Eq. (105). The correlation function
Eq. (129) reads:〈
ρc(ω,~k)~vc(−ω,−~k)
〉
= 3npi3T 8
ω~k|~k|2
(ω2 − |~k|2)2
. (129)
We obtain the other non-zero correlation functions in
a similar fashion as〈
ρc(ω,~k)ρc(−ω,−~k)
〉
= npi3T 8
|~k|2(ω2 + 2|~k|2)
(ω2 − |~k|2)2
, (130)
and finally〈
~vci(ω,~k)~vcj(−ω,−~k)
〉
= npi3T 8kikj
2ω2 + |~k|2
(ω2 − |~k|2)2
(131)
Here the denominators are regularized so that there
are equal number of poles in the upper and lower complex
planes. Note that, the denominator ω2−|~k|2 implies that
the stochastic corrections to density and velocities be-
tween two points are correlated as long as the two points
are sound-like separated (i.e. t2 − |~x|2 = 0) and there-
fore the correlation functions are non-local. This has the
following physical interpretation. When the phonon field
creates a disturbance on ,say, the density of the fluid
at a point, the disturbance emanates with the speed of
sound and effects the noise corrections to density at all
points where the sound can reach. The forms of these cor-
relators are reminiscent of the correlators of relativistic
hydrodynamics [46]. However, the T 8 dependence is spe-
cific to the two-fluid model, arising due to the fact that
noise tensor can be written as a product of two phonon
stresses, each of which scale with T 4.
VII. STOCHASTIC LENSING OF ACOUSTIC
WAVES: A CONJECTURE
The main fundamental physical consequence of our
analysis is the finding that sound waves propagating on a
superfluid background at a finite temperature experience
a random, stochastic metric on top a dynamical but de-
terministic background metric determined by the classi-
cal superfluid flow. For example, when the deterministic
background metric is Minkoswki i.e. the superfluid is in
static equilibrium, the stcohastic metric reads
gµν = ηµν + (hc)µν (132)
where η is the Minkoswki metric and hc is computed
using Eq. (110) by evaluating the derivatives of the metric
at Minkowski. The resulting stochastic component reads
(hc)µν =
(−(1 + κ)ρc ~vcT
~vc (1− κ)ρcI3×3
)
. (133)
Here, ρc and ~vc are solutions to the stochastic Navier-
Stokes equation Eq. (126) or (122). Similarly we define
the two point correlation function for the metric fluctu-
ations as the following symmetric tensor
Mµναβ(~r, t) =
〈
(hc)µν(~r, t)(hc)αβ(0)
〉
. (134)
The components of this tensor follows from
Eqs. (129), (130) and (131). For example for κ = 0
M0000(~r, t) = −M00ii(~r, t) = M iijj(~r, t) = 〈ρc(~r, t)ρc(0)〉 .
(135)
The other non-zero components of M up to symme-
tries are M0i0i and M000i that are 〈vi(~r, t)vi2(0)〉 and
〈ρ(~r, t)vi2(0)〉 respectively.
This means, even in the absence of any flows and
in equilibrium, where the average metric is that of flat
Minkowski space, the acoustic “rays” would experience
random deviations from the flat background. This may
lead to analogue gravitational lensing of acoustic waves
due to the phenomenon called ‘intermittency’. In Ref.
[47], Zeldovich considered light rays propagating in a
random medium with a fluctuating metric, and showed
that even if the average metric is flat, an observer re-
ceiving two distant rays would see the rays bend and
the corresponding object shrink, due to the stochastic-
ity. The effect seems unobservable in actual general rel-
ativity due to very weak metric fluctuations, if any.48
However, similar fluctuations of “synthetic metric” can
be greatly enhanced in a superfluid and it is conceiv-
able that the corresponding analogue Zeldovich effect –
bending of acoustic“rays” propagating through a thermal
superfluid – could become observable.
VIII. CONCLUSIONS AND OUTLOOK
In this paper, we develop a geometric generalization of
the Landau-Khalatnikov two-fluid hydrodynamics for a
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strongly-correlated bosonic superfluid and derive a sys-
tem of coupled equations describing the motion of the
superfluid background and the entropy-carrying normal
fluid of phonon excitations. By exploiting the emer-
gent covariance of the phonon field, we draw analogies
between general relativity and the two-fluid system in-
cluding stochastic effects due to the fluctuations of the
phonon “matter” field.
We emphasize that the methods and analogies used
here are applicable to a variety of systems. Indeed,
weakly interacting quasiparticles excited over a ground
state is a common picture in many-body physics. Hy-
drodynamics captures the long-wavelength behavior of
such systems. Galilean invariance requires that quasi-
particle dynamics is defined on the frame comoving with
the background fluid that represents the ground state
manifold. This means, when referred to the lab frame,
that the quasiparticle field experiences shifts due to the
background flow – an effect captured in the definition
of the metric tensor (37). From thereon, the quasiparti-
cles can be described by quantum field theory on curved
space-time, thereby justifying the geometric formulation
of the problem.
We would like to conclude with a brief summary of our
work and promising directions for further research
In Sec. II, following an earlier work9, we discussed the
applicability of the metric description for fluid by an-
alyzing the length- and energy-scales. In analogy with
cosmology12,49, the geometric description breaks down
at an effective “Planck energy,” where the hydrodynamic
description becomes inapplicable. However, the quantum
description of the boson system is known at all energies
contrary to the case in cosmology. This paves the way
to understanding the cosmological phenomena through
condensed matter systems.50–52
In Sec. III, we used the background field formalism to
write down the Keldysh theory of quasiparticles. We use
the Keldysh contour because the dynamical fluctuations
of the phonon field follow naturally from the Keldysh
effective action that is “designed” to account for non-
equilibrium phenomena. One interesting finding of this
analysis is an additional “gravitational anomaly” , not
present in the original work of Unruh4 and Stone5 : that
is, despite the action for the phonons is covariant, as al-
ready noted in the literature, the measure of the path
integral is not covariant. Hence, in contrast to classi-
cal phonon action, their full quantum theory is not co-
variant. We believe this anomaly should be taken into
account, whenever quantum effects such as Hawking ra-
diation, is important. It is curious to see if this anomaly
is related to gravitational anomalies in high-energy phe-
nomena. These interesting issues will be discussed in a
future publication.
In Sec. IV, inspired by Ref. 9, we derive the analogue
Einstein equation that governs the background and the
excitations (matter). We establish the equivalence of the
analogue Einstein equation and the covariant conserva-
tion law for the phonons, to the two-fluid conservation
laws. Instead of assuming a specific form for the stress-
energy tensor as in Ref. [12], we prove the equivalence
of the two descriptions by reducing the covariant conser-
vation law down to the Noether current of the two-fluid
system and by using the equations of motion. We believe
that the proof presented here is more general, than the
specific superfluid model we study, and should be appli-
cable to any emergent general-relativistic theory, which
may be derived in the hydrodynamic, long-wave-length
limit of a “parent” condensed matter system.
In Sec. V, we take the analogy between the superfluid
system and general relativity further to the domain of
stochastic fluctuations. This allows the application of a
variety of methods that have been invented for stochastic
gravity21 to condensed matter systems.We write the re-
sponse and dissipation kernels in the covariant language.
In global thermal equilibrium, we discuss the notion of
temperature on curved space-time and show the appear-
ance of analogue Tolman’s law. We prove the fluctuation-
dissipation relation for a metric with globally time-like
Killing vectors – that is, for a flow that can be brought
to a stationary form after a Galilean transformation. Fi-
nally, we outline a procedure to calculate correlators of
various observables, including fluctuations of the metric.
One interesting direction would be to consider the ef-
fects of higher order correlators of the stress-energy ten-
sor and build a hierarchy of equations similar to the
BBGKY hierarchy.
We linearize the stochastic analogue Einstein equation
and obtain a Langevin-type equation for the stochastic
corrections to the background. In Sec. VI, we show that
the symmetries of the flow determine the structure of the
Langevin equation, by considering the Minkowski case.
We solve the langevin equation and find the correlation
functions of stochastic fluctuations in density and veloc-
ity. The correlation functions scale with T 8. The den-
sity at a point is correlated with velocities at all light-
like separated points, as long as the velocity is parallel
to the vector connecting the two points. Similarly co-
directional velocities and densities between light-like sep-
arated points are correlated. This means the background
establishes correlations between distant points, hence the
metric fluctuations have a non-local correlation.
Classification of the flow induced space-times, the
stress tensor and its fluctuations on the basis of the sym-
metry of the flow is a well defined mathematical problem.
In general relativity these correspond to the Petrov clas-
sification of space-times and Segre classification of sym-
metric tensors.53 Together with the machinery of general
relativity such as conformal transformations and general
coordinate transformations, the classification of the so-
lutions of the two-fluid equations can be carried out in a
similar spirit.
In Sec. IV A we argued that the divergent piece of the
stress tensor can be discarded by arguing that it is renor-
malizes into the internal energy. This contribution to the
energy denoted by E0 renormalizes the pressure as ex-
plicitly seen in Eq. (72). In the cosmology context this is
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analogous to the renormalization of the vacuum energy
into the cosmological constant. Recently, this idea is fur-
ther elaborated by taking the relaxation dynamics of the
quantum vacuum into account.54 The noise and dissipa-
tion created by the quantum fields might contribute to
the dynamic process that leads to a Minkowski steady
state with small cosmological constant.
Finally, we conjecture a lensing of sound waves due to
stochastic fluctuations of the background metric analo-
gous to the intermittent behavior of geodesics in stochas-
tic spacetime metric in astrophysical context.
IX. ACKNOWLEDGEMENTS
V.G. is grateful to Grigorii E. Volovik, Dmitry D.
Sokoloff, Gil Refael. A.C.K. is grateful to Theodore Ja-
cobson, Bei-Lok Hu, Raman Sundrum and Gokce Basar
for valuable discussions. This work was supported by
US-ARO (contract No. W911NF1310172), NSF-DMR
1613029, and Simons Foundation. Part of this work was
completed at the Kavli Institute for Theoretical Physics
(KITP) and the authors are grateful to KITP for hospi-
tality and for the partial support of this research from
the National Science Foundation under Grant No. NSF
PHY-1125915.
Appendix A: Derivation of the canonical
conservation law
The Chrystoffel symbols are
Γµνα =
1
2
gµβ (gβν,α + gβα,ν − gνα,β) , (A1)
where the comma notation means
gβν,α ≡ ∂
∂xα
gβν .
For a symmetric tensor Tµθ , with the application of chain
rule, we have
Tµθ Γ
θ
µν = −
1
2
Tγθ
(
gγµ,νδ
θ
µ + g
γµ
,µδ
θ
ν − gθµ,µδγν
)
= −1
2
Tγθ
(
gγµ,νδ
θ
µ
)
= −1
2
Tγµ g
γµ
,ν . (A2)
Similarly, we have
Γµνµ =
1
2
gµβ
(
gβν,µ + gβµ,ν − gνµ,β
)
=
1
2
gµβgβµ,ν =
1
2g
g,ν = ∂ν log
√−g. (A3)
Using Eq. (A2) and Eq. (A3) and relabeling dummy
indices as required, we write the covariant conservation
law Eq. (49) in the main text as Eq. (50).
Now, by using Eq. (52) and Eq. (53), the covariant
conservation law Eq. (50) can be recast in the Noether
current form that appears in Eq. (55) as follows.
√−g∇µTµν =
(
∂Lph
∂φ,µ
φ,ν −Lphδµν
)
,µ
+
∂Lph
∂θ,µ
θ,µν +
∂Lph
∂ρ
ρ,ν = 0. (A4)
Using the Euler-Lagrange equation (classical limit of
Eq. (48a))
∂(Lph +Lcl)
∂ρ
=
(
∂(Lph +Lcl)
∂ρ,µ
)
,µ
= 0,
and using the chain rule
∂νLcl =
∂Lcl
∂ρ
∂νρ+
∂Lcl
∂θ,µ
θ,µν ,
the covaraint derivative in Eq. (A4) becomes
√−g∇µTµν =
(
∂Lph
∂φ,µ
φ,ν −Lphδµν
)
,µ
+
∂(Lph +Lcl)
∂θ,µ
θ,µν − ∂µLclδµν = 0. (A5)
Now using, the second Euler-Lagrange equation (classical
limit of Eq. (48b)),(
∂(Lph +Lcl)
∂θ,µ
)
,µ
=
∂(Lph +Lcl)
∂θ
= 0.
the Eq. (A5) reduces to
√−g∇µTµν =
(
∂Lph
∂φ,µ
φ,ν − (Lcl +Lph)δµν
)
,µ
+
(
∂(Lph +Lcl)
∂θ,µ
θ,ν
)
,µ
= 0. (A6)
The total derivative on the right hand side can be written
as the divergence of the Noether current Eq. (55).
Appendix B: Noise and Response Kernels
Here, we write the first and second order variations
as tensors and bi-tensor kernels. For example consider
the second order variations of the phonon effective action
with respect to the forward metric:
δ2Γph
δ(g+)µν(x)δ(g+)αβ(y)
∣∣∣∣
g+=g−
=
−i
4
√
−g(x)
〈
Tˆµν(x)
〉√
−g(y)
〈
Tˆµν(y)
〉
− i δ
2Zph
δ(g+)µν(x)δ(g+)αβ(y)
∣∣∣∣
g+=g−
. (B1)
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In the last part we used the unitarity of the partition
function in Eq. (40).
The second order variation of the phonon partition
function contains the expectation value of a product of
stress-energy operators.
δ2Zph
δ(g+)µν(x)δ(g+)αβ(y)
∣∣∣∣
g+=g−
=
− 1
4
√
−g(x)
√
−g(y)
〈
T∗
{
Tˆµν(x)Tˆαβ(y)
}〉
+ i
〈
δ2Sph[φˆ]
δgµν(x)δgαβ(y)
〉
. (B2)
Here, the Weyl or T∗ ordered average of the product of
stress operators is understood in the following way. The
stress-energy operator contains terms quadratic in the
field and its derivatives. It can be regularized by us-
ing the point splitting method.22,37 In this regularization
scheme, to take an average as in Eq. (B2), one first writes
the quadratic operator average as
lim
x′,x′′→x
〈
T∗
{
∂µφˆ(x
′)∂ν φˆ(x′′)
}〉
= lim
x′,x′′→x
∂
∂x′µ
∂
∂x′′ν
〈
T
{
φˆ(x′)φˆ(x′′)
}〉
. (B3)
Then, the time ordered operator average is computed and
renormalized by subtracting the divergent terms. Lastly,
the operators are acted on the result and the coincidence
limit is taken.
Weyl ordering inherits all properties of time or path
ordering, for example it is possible to rewrite the Weyl
ordered average as
2
〈
T∗
{
Tˆµν(x)Tˆαβ(y)
}〉
=
〈{
Tˆµν(x), Tˆαβ(y)
}〉
+
〈
T∗
{
Tˆµν(x)Tˆαβ(y)
}〉
−
〈
T˜∗
{
Tˆµν(x)Tˆαβ(y)
}〉
.
(B4)
Here, {, } is the anti-commutator and T˜ is the reverse
Weyl ordering computed by reversing the time ordering
in Eq. (B3). Using Eq. (41), we can decompose the Weyl
ordered average into its real and imaginary parts〈
T∗
{
Tˆµν(x)Tˆαβ(y)
}〉
=
1
2
〈{
Tˆµν(x), Tˆαβ(y)
}〉
+ iIm
〈
T∗
{
Tˆµν(x)Tˆαβ(y)
}〉
. (B5)
Following Martin and Verdaguer 40 we define the (bi-
tensor) real kernels.
HˆSµναβ(x, y) = Im
〈
T∗
{
Tˆµν(x)Tˆαβ(y)
}〉
, (B6a)
HˆAµναβ(x, y) =
−i
2
〈[
Tˆµν(x), Tˆαβ(y)
]〉
, (B6b)
Hˆµναβ(x, y) = Hˆ
A
µναβ(x, y) + Hˆ
S
µναβ(x, y), (B6c)
= −iθ(x0 − y0)
〈[
Tˆµν(x), Tˆαβ(y)
]〉
(B6d)
Nˆµναβ(x, y) =
1
2
〈{
tˆµν(x), tˆαβ(y)
}〉
, (B7a)
where tˆµν(x) = Tˆµν(x)−
〈
Tˆµν(x)
〉
, (B7b)
Kˆµναβ(x, y) =
−4√−g(x)√−g(y)
〈
δ2Sph[φˆ]
δgµν(x)δgαβ(y)
〉
.
(B7c)
The kernels HS and HA are the symmetric and anti-
symmetric bi-tensor parts of H, i.e.
HS,Aµναβ(x, y) = ±HS,Aαβµν(y, x). (B8)
With these, the second order variational derivative of
the effective action on the forward branch reads
4√−g(x)√−g(y) δ2Γphδ(g+)µν(x)δ(g+)αβ(y)
∣∣∣∣
g+=g−
= iNˆµναβ(x, y)− HˆSµναβ(x, y)− Kˆµναβ(x, y). (B9)
Similarly, the second order variation with respect to
the other combinations of the forward and backward val-
ues of the metric are
4√−g(x)√−g(y) δ2Γphδ(g+)µν(x)δ(g−)αβ(y)
∣∣∣∣
g+=g−
= −iNˆµναβ(x, y)− HˆAµναβ(x, y), (B10)
4√−g(x)√−g(y) δ2Γphδ(g−)µν(x)δ(g+)αβ(y)
∣∣∣∣
g+=g−
= −iNˆµναβ(x, y) + HˆAµναβ(x, y), (B11)
4√−g(x)√−g(y) δ2Γphδ(g−)µν(x)δ(g−)αβ(y)
∣∣∣∣
g+=g−
= iNˆµναβ(x, y) + Hˆ
S
µναβ(x, y) + Kˆµναβ(x, y). (B12)
The Eq. (90) is a compact way to write the above sec-
ond order variations Eqs. (B9)– (B12).
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